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very close to the previous NASA results with a slight delay in the
prediction of transition.

Conclusions
The objective of this research was to implement a highly accu-

rate numerical method and combine an analytical heating analysis
that can be integrated together to predict heating rates on hyper-
sonic vehicles. The motivation for this research project was the
need for accurate prediction of aerodynamic heating around hy-
personic vehicles. New grid-generation routines were developed
that enable the de� nition of a generic hypersonic vehicle surface.
Complex three-dimensional geometries that include wing and tail
sections can now be generated. The WENO high-order numerical
scheme is capable of computing both perfect air and equilibrium
air � ight conditions. The inviscid � ow solver incorporates an equi-
librium air curve � t formulation to account for � ows involving the
high temperatures encountered by hypersonic vehicles. The aero-
dynamic heating methods are capable of computing heating rates
for both laminar or turbulent � ows. They can use a constant en-
tropy or variable entropy assumption.The heating methods are also
capable of computing heating rates for both steady and transient
� ights.
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Nomenclature
E = speci� c mechanical energy, J/kg
e = electron charge, C
f = velocity distribution function, s3/m6

h = speci� c angular momentum vector, m2/s
k = Boltzmann constant, J/K
M0 = Mach number of ions streaming with directed velocity u0

M1 = Mach number of ions at in� nity
m = ion mass, kg
ni = ion particle density, m¡3

n1 = ion particle density at in� nity, m¡3

Nn = ratio of local ion particle density to density at in� nity
NnNS = ratio of stagnation density to density upstream

of a normal shock wave
r = radius of orbiting ion, m
r = position vector, m
Te = electron temperature, K
Ti = ion temperature,K
u0 = directed velocity of ions at zero electric potential, m/s
u1 = velocity of ions at in� nity, m/s
®0 = angle between directed ion velocity and axis

of symmetry of hyperbolic orbit, rad
®1 = angle between ion velocity vector at in� nity with

axis of symmetry of hyperbolic orbit, rad
° = ratio of speci� c heats
" = eccentricity of ion orbit
µ = polar angle in the spherical coordinate system (r; µ; 8)

measured with respect to u0 as polar axis, rad
¹ = orbit constant, m3/s2

8 = azimuthal angle in the spherical coordinate system
(r , µ , 8) measured with respect to u0 as polar axis, rad

’ = electric potential, V
Â = dimensionless electric potential
Ã = angle between ion velocity at in� nity and ram

ion velocity, rad

Introduction

A N important issue in simulating the environment around a low
Earth satellite concerns the ram ions that stream toward the

spacecraft. Much attention has been given to the wake that forms
behind the spacecraft.1¡3 In this Note, we focus on the buildup of
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ion density in front of a spacecraft that is at a positive potential.
Although most spacecraft surfaces in low Earth orbit are normally
at negative potentials, positive potentials can be the result of elec-
tron beam emission, of being biased relative to a mother spacecraft,
or of being at the upper end of a conductive tether. A repelling
plasma sheath is formed that decelerates the ions as they approach
the spacecraft, creating a region of enhanced ion density.

For simple cases (and if the spacecraft potential exceeds the
mean ram ion energy), the maximum density occurs near a “stag-
nation point.” To illustrate this better, consider the simpli� ed one-
dimensional case of collisionless, cold ions, Ti D 0, streaming to-
ward a positivelybiasedwall, ’ > 0. Far from the wall, where ’ D 0,
the ions move with a uniform drift velocity u0 . Conservation of en-
ergy and � ux yields the ion density as a function of potential

Nn.’/ ´ ni =n1 D 1
¯q

1 ¡ 2Â
¯

M2
0 (1)

where

Â ´ e’=kTe; M0 ´ ju0j
¯p

kTe=m (2)

Equation (1) shows that the ion density asymptotes to in� nity at the
stagnation point, where Â D M2

0 =2. The asymptotic behavior of the
density is analogous to the mathematical discontinuityencountered
in the simpli� ed modeling of supersonic � ow over surfaces.4 Al-
though such idealized models provide useful information upstream
and downstreamof the shock wave, they provide no information on
the variation of properties within the thin dissipative shock layer.
Similarly, Eq. (1) does not capture the real continuous behavior of
ion density in the plasma sheath and is, therefore, not realistic for
spacecraft-environmenteffects studies.

A correct analytical determination of the ion density must take
into account the distribution of ion velocities when Ti 6D 0. The
high plasma density in low Earth orbit, and the resulting short
Debye length make particle treatments impractical for obtaining
self-consistent potentials, charge densities, and currents for realis-
tic problems. Thus, potential calculationswith charging codes such
as NASCAP/LEO,5 POLAR,6 DynaPAC,7 and Nascap-2K8 usually
invoke approximate analytic expressionsfor the charge density as a
function of potential, electric � eld, and other available parameters.

The formulation leading to the determinationof the species den-
sity begins with knowledgeof the distributionfunction.If the space-
craft velocity is ¡u0, the distributionfunction for an ion of velocity
u1 relative to the spacecraft, at a distance far from the spacecraft,
is

f1.u1/ D n1.m=2¼kTi /
3
2 exp

£
¡.m=2kTi /.u1 ¡ u0/2

¤
(3)

Conservation of the distribution function along a trajectory allows
the following mapping:

f .r; u/ D f1.u1/ D n1.m=2¼kTi /
3
2 exp

£
¡.m=2¼kTi /

£
¡
u2

1 ¡ 2u1 ¢ u0 C u2
0

¢¤
D n1.m=2¼kTi /

3
2

£ exp
©
¡.M2=2 C Â/ C M0

p
M 2 C 2Â cos Ã ¡ M 2

0

¯
2
ª

(4)

where Â D Â.r/ and the Mach numbers M and M0 havebeende� ned
according to Eq. (2) using the ion temperature Ti . Integration of
Eq. (4) over velocity space yields the ion density,

Nn.r/ D
³

1

2¼

´ 3
2

Z 2¼

0

d8

Z ¼

0

sin µ dµ

Z 1

0

£ exp

µ
¡

M2

2
¡ Â C M0

p
M2 C 2Â cos Ã ¡

M 2
0

2

¶
M2 dM (5)

Results for Ion Density Pro� les
In this section the ion density pro� le along the axis of a cylindri-

cally symmetric problem is computed. Equation (5) now becomes

Nn.r/ D
³

1
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´ 1
2

Z 1

0

dv

Z 1

0

M2 dM

£ exp

µ
¡

M2

2
¡ Â C M0

p
M 2 C 2Â cos Ã ¡

M 2
0

2

¶
(6)

where v D cos µ and we have limited consideration to incoming
particles only. The following cases will be presented: 1) planar
or short-range potential (upper limit), 2) straight-line trajectories
(lower limit), and 3) inverse-squarepotential. The three cases differ
in the relation between cos µ and cos Ã .

A. Planar or Short-Range Potential
The planar potential case gives an upper limit to the maximum

density because the incident ions are not de� ected away from the
axis. This treatment is also applicable to a potential whose range
is small compared with its radius of curvature. The result may be
derived directly from Eq. (6). An ion that passes through the axis
must have only radial and axial velocity components, and in this
case the radial velocity is conservedby the lack of any radial force.
Thus, the relation between µ and Ã is

u?;1 D u? ) sin Ã D ju=u1j sin µ (7)

or

cos Ã D
r

M2 cos2 µ C 2Â

M2 C 2Â
(8)

De� ning Mz D M cos µ , Eq. (6) now becomes
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The angular integral can be done by a change of variable to w D
1=2v2, obtaining

Nn.r/ D
³

1
2¼

´ 1
2

Z 1

0

dMz exp

µ
¡

M2
z

2
¡ Â C M0

p
M2

z C 2Â ¡
M2

0

2

¶

(10)

Figure 1 (solid curve) shows the resulting density for the case
M0 D 9:7, corresponding to a velocity of 7500 ms¡1 and an ion
temperature of 0.1 eV. The maximum density enhancement (by a
factor of 2.3) occursat a potentialof 4 V, short of the ram ion energy
of E=e D 4:7 V (assuming oxygen ions), which would normally be
considered the stagnation point. Also, note that the calculation is
for forward-moving ions only; if all ions are re� ected, the densities
would be twice as high everywhere suggesting that the true upper

Fig. 1 Density enhancement factor for M0 = 9.7 as a function of
dimensionless potential.
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limit maximum density enhancementfactor is 4.6. However, in real-
istic cases, nonplanar forces cause high divergence of re� ected ion
trajectories,so that the re� ected ions make only a small contribution
to the density.

B. Straight-Line Trajectories
The approximation of straight-line trajectories, cos Ã D cos µ ,

gives a lower limit to the density because, in reality, cos Ã ¸ cosµ
is always true. Using Eq. (6), the density is now given by

Nn.r/ D .2¼/¡ 1
2

Z 1

0

M 2 dM

M0

p
M2 C 2Â

exp
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2
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p
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¢
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ª
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The resulting density is shown in Fig. 1 (dash–dot curve). In this
approximation,thedensitydecreasesmonotonicallywith increasing
potential. At the stagnation point the calculated density is only 0.2.

C. Hyperbolic Ion Trajectories
A more realistic case is when the ions move under the in� uence

of a coulombpotential.Although this potential is longer ranged than
a typical satellite sheath potential, this motion is well studied in the
literatureon such topicsas planetarymotionor Rutherfordscattering
(see Ref. 9). Figure 2 illustratesthe geometryused to describean ion
trajectory in a 1=r 2 force � eld. The objective in this section, i.e., the
stagnationpoint, is to � nd the density at the point where the dashed
line extendingu0 intersects the dashed circle.The incoming ion will
follow an orbit accordingto the equationof motion for the two-body
problem. The orbit is a conic section (in polar coordinates):

r D
h2=¹

1 C " cos ®0
(12)

where the (speci� c) angular momentum is simply h D r £ u. The
eccentricity of the orbit, ", is

" D
p

1 C 2E.h=¹/2 D
p

1 C 2 sin2 µ.M4=2Â 2 C M 2=Â/ (13)

with E the total (speci� c) energy, E ´ u2=2 C e’=m . For a repelling
potential (e’=m D ¹=r > 0), the total energy is positive, and so
the ion will follow a hyperbolic trajectory. As shown in Fig. 2,
Ã D ®1 ¡ ®0 . Using the properties of a hyperbola, the two angles
®1 and ®0 can be expressed as functions of the eccentricity:

¼ ¡ ®0 D cos¡1f.¡1="/[.M sin µ/2=Â C 1]g

¼ ¡ ®1 D cos¡1.¡1="/ (14)

When Fig. 2 is rotated by 2®0, it can be seen that Ã D ®1 C ®0 is the
appropriate angle for calculating the density of outgoing particles.

Fig. 2 Geometry used to calculate density for hyperbolic trajectory
ions at the stagnation point.

Fig. 3 Ion density enhancement in a coulomb potential for M0 = 9.7 as
a function of dimensionless potential Â.

Equations(14)canbe implementeddirectly in Eq. (6) to computethe
density at the stagnationpoint as a functionof the electric potential.
The result is plotted in Fig. 1 (dashedcurve) for incoming ions only
and in Fig. 3 for both incoming and outgoing ions, on numerical
integration of Eq. (6).

The incoming ions show only a 10% density enhancement, with
the maximum occurring well short of the stagnation point. Outgo-
ing ions make a signi� cant contribution to the density in the neigh-
borhood of the stagnation point, bringing the density enhancement
maximum up to 28%, but still at a potential of 4 V, well short of the
expected stagnation point of E=e D 4:7 V. As a function of M0, the
maximum density (including re� ected ions) is approximately

1:0; M0 < 3

1:0 C 0:041.M0 ¡ 3/; M0 > 3 (15)

Comparison with Continuum Fluid Flow
The low-density enhancement for hypersonic ions streaming

through a 1=r 2 force � eld contrasts strongly with stagnation densi-
ties achievedin collisional(low-Knudsen-number)hypersonic� ows
over surfaces. Clearly, the physics that determine density enhance-
ment in the two regimes are very different. The driving mecha-
nism in the deceleration of collisionless ions in the � rst case is the
electric-potential force � eld. When an assumed velocity distribu-
tion as a function of distance from the body is used, then this force
� eld was implicitly embedded in the formulations of the preceding
sections. In this section, the simpli� ed case chosen for comparison
assumes no electric body forces, and, therefore, density enhance-
ment is driven solely by the continuum (and, therefore, suf� cient
collisions to achieve equilibrium), gasdynamic conservation laws.
When high-speed, continuum � ows are obstructed by solid bodies,
the mechanism that leads to density increase is a standing shock
wave, which, in the absence of body forces, is governed solely by
propagation of pressure disturbances,which is a purely collisional
process. Even in the absence of any force � elds, the conditions
across a normal shock wave change as the collisionalityof the am-
bient environment changes. For example, the density ratio across a
normal shock may increase by almost a factor of two (for velocity
ranges near and above orbital velocities) when the altitude (from
sea level) at which the ratio is computed is increased from 10 to
100 km (Ref. 10). Consequently, in view of the inherently different
underlying physics that govern density enhancement close to a hy-
personic body, the bene� t of comparing the two regimes must be
taken as only educational at this point.

The determination of inviscid, supersonic � ows over solid bod-
ies is usually a numerically cumbersome task, even in the more
simpli� ed steady-state case because it involves the simultaneous
solution of both elliptic and hyperbolic governing equations down-
stream of a detached shock wave. In certain ideal cases, such as
one-dimensional, calorically perfect (constant ° ), isentropic � ow
upstream and downstream of the shock, the solution is analytically
traceable. The ratio of stagnation density to that upstream of the
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a)

b)

Fig. 4 Density ratio at the stagnation point (Â = M2
0 /2) as a function

of a) upstream Mach number M0 for free molecular � ow (collisionless
ions) and b) upstream Mach number for continuum, hypersonic � ow
across a normal shock wave.

shock in this case can be expressed as a function of the upstream
Mach number4:

NnNS D
.° C 1/M2

0

2 C .° ¡ 1/M 2
0

³
1 C

° ¡ 1

2

»
1 C [.° ¡ 1/=2]M2

0

° M2
0 ¡ .° ¡ 1/=2

¼ ´1=.° ¡ 1/

(16)
Equation (16) is plotted for different ratios of speci� c heats in

Fig. 4b. By comparison, for a monatomic gas (° D 5
3 ) at M0 D 7,

the maximum density ratio is 3.86, which is by a factor of three
larger than the peak density (1.16) computed by Eq. (15). At the
stagnation point, M0 D

p
.2Â/, the density does not exceed unity

for Mach numbers less than 10, as shown in Fig. 4a.

Conclusions
An integralexpressionfor the densityenhancementof hypersonic

ions incidenton a repulsivepotentialhas been presentedfor the case
of a 1=r 2 force � eld, together with expressions for upper and lower
limitingcases.For the interestingcase of orbitalvelocity in a 0.1-eV
oxygen plasma, deceleration of the incident ions produces a 10%
density enhancement, whereas re� ected (outgoing) ions contribute
another 18%. The absolute upper enhancementfor this case (planar
potentialwith re� ection)givesa factorof 4.6.The densitymaximum
occurs at a potential of about 4 V, which is less than the ram ion
energyof E=e D 4:7 V. The modestdensityenhancementscalculated
here are compared to density enhancement achieved in shocked
hydrodynamic � ows for which density ratios can exceed four at
comparable Mach numbers.
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Nomenclature
g0 = gravitationalacceleration at sea level, ms¡2

Ispvac = speci� c impulse (in vacuum), s
mb = mass at burnout (main engine cutoff), kg
me = total main engine mass, kg
m0 = initial mass (at liftoff), kg
Tb = thrust at burnout (main engine cutoff), N
T0 = initial thrust (at liftoff), N
1Vtot = total delta-V requirement to attain orbit
¹ = overall engine oxidizer/fuel-mass-� ow-rate

(mixture) ratio
¹c = oxidizer/fuel-mass-� ow-rate (mixture) ratio

in chamber
½LH = liquid hydrogen density, kg m¡3

½LOx = liquid oxygen density, kg m¡3

½p = bulk propellant density, kg m¡3

¿e = main engine thrust-to-weight ratio, T0=.m eg0/

Introduction

T HE introduction of low-cost, commercial, reusable space
transportation systems depends heavily on the appropriate
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